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Abstract. We study the Sobolev trace constant for functions defined in a 
bounded domain Q that vanish in the subset A. We find a formula for the 
first variation of the Sobolev trace with respect to hole. As a consequence of 
this formula, we prove that when O is a centered ball, the symmetric hole is 
critical when we consider deformation that preserve volume but is not optimal 
for some case. 



1. Introduction and Main Results. 

Let f2 be a bounded smooth domain in with N > 2 and 1 < p < oo. 
We denote by the critical exponent for the Sobolev trace immersion given by 
= p{N - 1)/{N -p) if p < iV and p^ ^oo if p>N. 
For any A C ^l, which is a smooth open subset, we define the space 

where the closure is taken in W^'^—noim. By the Sobolev Trace Theorem, there is 
a compact embedding 



(1.1) 



for all 1 < q < p*. Thus, given 1 < q < p* , there exist a constant C = C{q,p) such 
that 
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The best (largest) constant in the above inequality is given by 
(12) J^lVulP + lulPdx 



Sg{A) inf ^ 5 

-"'(n)\M/„i-^(n) {Jg^\u\idS}'- 



By (1.1), there exist an extremal for Sq{A). Moreover, an extremal for Sq{A) is a 
weak solution to 



(1.3) 



-ApU+ \u\P-'^u = 
u = 



where ApU 



in f7 \ A, 
on dVt, 
on dA, 

d 



is the outer unit normal 



div(lVwl^~ Vm) is the usual p—laplacian, 
derivative and A depends on the normalization of u. When = 1 we have 

that A = Sq{A). Moreover, when p — q problem (1.3) becomes homogeneous and 
therefore is a nonlinear eigenvalue problem. In this case, the first eigenvalue of 
(1.3) coincides with the best Sobolev trace constant Sq{A) — Xi{A) and it is shown 
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in [9] that it is simple (sec also [3]). Therefore, if p — g, the extremal for 5*^(^1) 
is unique up to constant factor. In the linear setting, i.e. when p = q = 2, this 
eigenvalue problem is known as the Steklov eigenvalue problem, see [10]. 

It is the purpose of this article to analyze the dependance of the Sobolev trace 
constant Sq{A) with respect to variations on the set A. To this end, we compute 
the so-called shape derivative of Sq{A) with respect to regular perturbations of the 
hole A. 

Let V : — > be a regular (smooth) vector filed, globally Lipschitz, with 
support in fl and let tjjt : — > be defined as the unique solution to 

iiMx) = v{Mx)) t>o 

We have 

'il)t{x)=x + tV{x) + o{t) VxeM^. 
Now, we define At := V't(^) C il for alH > and 

(1.5, S,(0= inf 

uev^lf (O)\wo''''(f^) { \u\i dSY 

Observe that Ao — A and therefore Sq{Q) = Sq{A). 

In [2] Fernandez Bonder, Groisman and Rossi analyze this problem in the linear 
case p = q = 2 and prove that ^2 {t) is differentiable with respect to t at t = and 
it holds 

d - 



where u is a normalized eigenfunction for S2{A) and u is the exterior normal vector 
toQ\A. 

Furthermore, in the case that f2 is the ball Br with center and radius R > 
the authors show that a centered ball A = B^, r < R, is critical in the sense 
that ^2 (A) = when considering deformations that preserves volume and that this 
configuration is not optimal. 

We say that hole A* is optimal for the parameter a, < a < if = a 
and 



Sq{A*)= inf Sq{A). 



|A|=Q 

Therefore there is a lack of symmetry in the optimal configuration. 

Here wc extend these results to the more general case 1 < p < oo and 1 < q < p* . 
Our method differs from the one in [2] in order to deal with the nonlinear character 
of the problem. 

Our first result states 

Theorem 1.1. Suppose A G Q is a smooth open subset and let 1 < q < p* . Then, 
with the previous notation, we have that Sq{t) is differentiable at t = and there 
exists u a normalized extremal for Sq{A) such that 

where Sq{0) = ^Sq{t) and v is the exterior normal vector toQ.\A. 
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Remark 1.2. If u is an extremal for Sq{A) we have that \u\ is also an extremal 
associated to Sq{A). Then in the previous theorem we can suppose that u > in 
il. Moreover, by [8], we have that u g C^'°'{^1) and if satisfies the interior ball 
condition for all x G 9il then u > on dQ, see [11]. 

In the case that — Bji, wc have the next rcsuh 

Theorem 1.3. Let fl = Bn and let the hole be a centered ball A = Bj.. Then, 
if 1 < q < p, this configuration is critical in the sense that S'g{Br) = for all 
deformations V that preserve the volume of Br- 

But, if q is sufficiently large, the symmetric hole with a radial extremal is not an 
optimal configuration. In fact, wc prove 

Theorem 1.4. Let r > and 1 < p < oo be fixed. Let R> r and 

(1.6) Q{R) = J (l - ^S^iBr)) + 1. 

If q > Q{R) then the centered hole Br is not optimal. 

Finally, to study the asymptotic behavior of Q{R) 
Proposition 1.5. The function Q{R) has the following asymptotic behavior 
lim Q{R) = 1~ and lim Q{R) = p 

Observe that Q{R) < 1 for i? close to r and therefore the symmetric hole with 
a radial extremal is not an optimal configuration for R close to r. 

2. Proof of Theorem 1.1 

2.1. Preliminary Results. The proof of Theorem 1.1 require some technical re- 
sults. In this subsection we use some ideas from [4] . 

Given u G W^^in) \ W^'^in) we consider u = u o i/'t, so w G W^P{n) \ W^'P{n) 
and Vu"^ = -^VtV(u o tpt)^, where tp'^ denotes the differential matrix of tpt and ^A 
is the transpose of matrix A. Thus, by the change of variables formula, we have 
that 

/ \Vu\P + \u\P dx = [ {\'^[iPl]-^Vv'^\P + \v\P}J{iPt)dx, 
Jn Jq 
here J(V't) is the usual Jacobian of t/jf. Moreover, since supp(F) C O, we have that 

/ \u\idS= [ |z)|«d5. 
JdQ Jon 

In [5] are proved the following asymptotic formulas 

(2.7) m-\x)=Id-tV'{x)+o{t), 

(2.8) J(V't)(a;) = l + t diYV{x) + o{t). 
Then, by (2.7) and (2.8), we have 

/ \vY'J{tpt)dx = [ \v\P{l + tdivV + oit)}dx 
Jn Jq 

= [ \v\Pdx + t I \v\P divV dx + o{t) 
Jn Jn 
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and 



/ r[V'^]"^Vw^|PJ(^t)dx= / \[Id-t'^V' + o{t)]Vv^\P{l+tdivV + o{t)}dx 
Jn Jn 

= / \Vv-t'^V'Vv^ + o{t)\P{l + tdivV + o{t)}dx, 
Jn 

since 

\Vv-t^V'Wv'^ + o{t)\P = \Vv\P -pt\Vvt\P-^{Wv, ^V'Wv'^) + o{t) 
we obtain that 

/ rM"^Vw^|fJ(V't)da;= [ I'^vfdx + t [ |Vw|PdivFda; 
Jn Jn Jn 

-pt [ \S/v\P-^{VvJV'Vv'^)dx + o{t). 
Jn 

Thus, we conclude 

/ \Vu\P + \u\Pdx= f {\^[il;'t]-^Wv'^\P + \v\P}J{iJt)dx 
Jn Jn 

= [ \v\Pdx+ [ \Vv\Pdx + t [ {\\/v\P + \v\P}dwV dx 
Jn Jn Jn 



pt 



I \yv\P-^{Vv, ^V'Vv'^)dx + o{t). 
Jn 



Therefore, we can rewrite (1.5) as 

(2.9) S,{t)= inf {p^v)+t^{v)} 

vew]^''{n)\w^'''(n) 

where 

J^|Vt;|P + |,;|fd,x 



and 

^ S^{\Wv\P + \v\P}d:,Wdx-pJ^ \Wv\P-\Vv, ^V'Vv^) dx 
{/aabi'ds} 

Given t > 0, let Vt G W)'^(O) \ Wo'^(O) such that ||t;t||i,<,(an) = 1 and 

Sg{t) = v{t)+t(t>{t), 

where 

ip{t) = p{vt) and 4>{t) = -f{vt) yt > 0. 
We observe that (p, cf) : R>o — > K and 

Lemma 2.1. T/ie function (p is nonincreasing. 
Proof. Let < < By (2.9), we have that 

(2.10) V(t2)+tl(l){t2) > Sq{t,) = ^itl)+tl4>{tl) 

(2.11) ¥>(<!) +i20(ii) > 5*5(^2) = ^(t2) + t2<?i'(t2). 
Subtracting (2.10) from (2.11), we get 

{tl - tl)(l){tl) > {t2-tl)<i){t2). 
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Since t2 —ti > 0, we obtain 

This ends the proof. □ 
Remeirk 2.2. Since (j) is nonincreasing, we have 

(j){t) < ^(0) Vt > 0, 

and there exists 

0(0+) = lim 4>(t). 
Corollary 2.3. The function (p is nondecrcasing. 

Proof. Let < ti < t2- Again, by (2.9), we have that 

(2.12) ip{t2) + tt<t>{t2) > Sg{ti) = <p{tr) + ti0(ti) 

so 

<fi{t2) - ip{ti) > ii(</>(ii) - (p{t2)). 
Since <ti < t2, by Lemma 2.1, we have that ^{ti) — 4>{t2) > 0. Then 

<p(i2) - <p(ii) > 

that is what we wished to prove. □ 

Now we can prove that Sq{t) is continuous at t = 0. 
Theorem 2.4. The function Sq{t) is continuous att = 0, i.e., 

lhaSqit) = Sq{0). 

Proof. Given t > so, by Corollary 2.3, 

Sg{t) - Sq{0) = ip{t) + t(j){t) - ^(0) > t(l){t). 
On the other hand, by (2.9), we have that 

Sq{t) < ¥'(0) + *'^(o) = SM + t(t){o). 

Then 

t(p{t) < Sg{t) - Sq{0) < t(j){0). 

Thus, by Remark 2.2, 

^lim 5g(i) -5g(0) =0. 
This finishes the proof. □ 

Thus, from Remark 2.2 and Theorem 2.4, we obtain the following corollary: 
Corollary 2.5. The function if is continuous att = 0, i.e., 

lim ip(t) = ifiO). 

Proof. We observe that 

^{t)-^{0) = Sg{t)-Sg{0)-tcf>{t) 
then, by Remark 2.2 and Theorem 2.4, 

lim (p{t) - ip{0) = 0. 

That proves the result. □ 
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Finally, we prove the following: 
Theorem 2.6. The function ip is differentiable at t = and 

dt ^ ' 

Proof. Let < r < By (2.9), we get 

Sq{r) = ip{r) + r^{r) < ip{t) + r^{t), 

and 

Sg{t) = ip{t) + t(j){t) < ip{r) + t<t>{r). 

So 

hence, taking limits when r O"*", by Remark 2.2 and Corollary 2.1, we have that 

Now, taking limits when f — > 0+, and again by Remark 2.2, we get 

lim^W^=0 

t^o+ t 

as we wanted to show. □ 

2.2. Proof of Theorem 1.1. We proceed in three steps. 
Step 1. We show that Sq{t) is differentiable at f = and 

5;(o) = </.(o+). 

We have that 

SS) - S,{Q) _ ^{t) - m _ 



t t 
Then, by Remark 2.2 and Theorem 2.6, 

S'm = lim ^-^ft) - ^g(O) ^ ^(o+). 

' t->0+ t ' 

step 2. We show that there exists u extremal for Sq{A) such that ||M||L<i(aa) = 1 
and 

0(0+)= / {\VuY' + \u\P)6xvVdx-p [ \Vu\P-'^{Vu,'^V'Vu)dx. 
Jn Jn 

By Theorem 2.1 

(2.13) Iktll^i.p(o) = ^(t) ^ m = 5,(0) when t ^ 0+. 
Then there exists u G W^'P{Q) and t„ 0+ when n ^ oo such that 

(2.14) vt„ u weakly in W^'P{n), 

(2.15) Vt„ M strongly in L«(aO), 

(2.16) vt^ — > u a.e. in O. 

By (2.15) and (2.16), u e Wl'^(O) and ||«|U<,(an) = 1 and by (2.14) 
5,(0) = lim > > Sq{0), 
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then 

(2.17) S,iO) = ||«||^,,,(,,). 

Moreover, by (2.13), (2.14) and (2.17), we have that 

Vt^ u strongly in W^'^\VL). 

Therefore 

(t>{Q+) = lim (l){vt^) 

= [ {\Vu\P + \u\P)diyV dx - p [ \Vu\p-^{VuJV'Vu'^) dx. 
Jn Jn 

Step 3. Finally, we show that 

S'g{0)= [ {\Vu\P + \u\P)divV dx - p [ \yuf-^{\/uJV'Vu^)dx 
Jn Jn 

^{V,u) dS. 



I 

JdJ 



du 



IdA 

To show this we require that u G C^. However, this is not true. Since u is an 
esxtremal for Sq{A) and ||w||j;,<!(q) = 1, we known that u is weak solution to 

' -ApU+\u\P-'^u = mn\A, 
\Vu\P-'^^ = Sg{A)\u\i-'^u on dfl, 
u = on dA, 

and by [8] wc get that ?/ belongs to the class C^'^ for some < S < 1. 

In order to overcome this difficulty, we proced as follows. We consider the regu- 
larized prblems 



(2.18) 



' -div(| Vu^p + e2)(P-2)/2) ^ \u'\P-^u' = in f2 \ A, 
|Vu^P + £2)(P-2)/2|il = 5^(^)|„|q-2^ ona(f2\3), 



It is well known that the solution to (2.18) is of class C^'^ for some < p < 1 
(see [6]). 

Then, we can perform all of our computations with the functions u'^ and pass to 
the limit as £ ^ at the end. 

We have chosen to work formally with the function u in order to make our 
arguments more transparent and leave the details to the reader. For a similar 

approach, see [4]. 
Since 

div(|u|fF) = \u\PdivV +p\u\P-'^u{Vu,V), 
div{\Vu\PV) = \Vu\PdivV + p\Vu\P-'^{VuD^u,V), 

we have that 

\Vu\P + \u\P)divV dx = [ dW{\u\PV + \Vu\PV)dx 
Jn 

-p [ {\u\P-'^uo{Vu,V) + \Vu\P-^{WuD^u,uV)}dx. 
Jn 
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Integrating by parts, we obtain 

/ diyQufV + \Vu\PV) dx = [ {\u\p + \Vu\P){V,iy) dS - [ {\uf + \Vu\p){V,u) dS 
Jq Jan JdA 

= - [ \Vu\P{V,iy)dS. 

JdA 

where the las equality follows from the fact that supp(y) C Q and u = on OA. 
Thus 

S'{0) = - [ \Vu\P{V,iy)dS -p [ \u\P-'^u{Vuo,V)dx 
JdA Jq 

~p [ \Vu\P-^{'^u,'^V'Vu+'^ D'^uV'^)dx 
Ja 

= - [ \Vu\P{V,iy)dS -p [ \uo\P~^u{Vu,V)dx 
JdA Jn 

-P [ \Vu\P-'^{Vu,V{{Vu,V)))dx. 
Jn 

Since u is a week solution of (1.3) as A = Sq{0) and supp(y) C we have 

S'g{0) = -[ \Vu\P{V,u)dS. 

JdA 

Then, noticing that Vm = the proof is complete. □ 

3. Lack of Symmetry in the Ball 

In this section we consider the case where f2 = Br and A = with r < R and 
show Theorem 1.3, Theorem 1.4 and Proposition 1.5. The proofs are based on the 
argument of [2] and [7] adapted to our problem. In order to simplify notations, we 
write Sq{r) instead Sq{Br)- 

First we proof Theorem 1.3, for this we need the following proposition 

Proposition 3.1. Let 1 < q < p. The nonnegative solution of (1.3) is unique. 

Proof. Suppose that there exist two nonnegative solutions u and v of (1.3). By 
Remark 1.2 it follows that w, > on Let Vn = v + ^ with n € N, using first 
Piccone's identity (see [1]) and the weak formulation of (1.3) we have 

0< / \Vu\Pdx- j \yv^\P-^^VnV(^\ dx 

J Br J Br \Vn / 

= / IVul^'da;- / \S/v\p-^VvSI {-^^--^ dx 

J Br J Br \V?i J 

= - [ uPdx + x[ u'^dS+ [ yP-^-^dx-xf v'^'^^^dS 

Jbr JdBR Jbr Vn JdBR Vn 

<x[ u'^dS-xf v^-^^^dS. 

JdBR JdBR Vn 
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Thus, by the Monotone Convergence Theorem, 



0< / u«d5- / v'i-^^!—^dS 
= [ -t;«-i)dS'. 

JdBn 



Note that the role of u and v in the above equation are exchangeable. Therefore, 
subtracting we get 

0< / (w« -t;«-i)dS'. 

Jobr 

Since q < p we have that u = v on OBr. Then, by uniqueness of solution to the 
Dirichlet problem, we get u = v'm Br. □ 

Remark 3.2. As the problem (1.3) is rotationally invariant, by uniqueness we 
obtain that the nonnegative solution of (1.3) must be radial. Therefore, iffl = Bn, 
A = Br and 1 < q < p we can suppose that the extremal for Sq{r) found in the 
Theorem 1.1 is nonnegative and radial. 

Now we can prove the Theorem 1.3, 

Proof of Theorem 1.3. We consider f2 = Br, A = Bj. and 1 < q < p. By Theo- 
rem 1.3 and Remark 3.2 there exist a nonnegative and radial normalized extremal 
for Sq{r) such that 



Since u is radial 

— = c on oBr, 
ou 

where c is a constant. 

Thus, using that we are dealing with deformations V that preserves the volume 
of the Br, we have that 

5^(0) = -(f [ (V, u)dS = (f [ div{V) dx = 0. 

JdBr JBr 

□ 

To prove Theorem 1.4, we need two previous results. 

Proposition 3.3. Let r > fixed. Then, there exists a positive radial function uq 
such that 



(3.19) 



-ApU + \u\P-'^u = inR^\Br 
u = on dBr. 



This Uq is unique up to a constant factor and for any R > r the restriction of uq 
to Bfi is the first eigenfunction of (1.3) ivith q = p. 

Proof. For R > r, let ur be the unique solution of the Dirichlet problem 

ApUR = \ur\p~'^ur in Br\ Br, 
uiR) = 1, 
u{r) = 0. 
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Then, by uniqueness, u/? is a nonnegative and radial function. Moreover, by the 
regularity theory and maximum principle we have ^§^{r) 7^ (see [8, 11]). Thus, 
for any R> r, we define the restriction of uq by 

Ur 



uo = 



duR ' 
(r) 



dv 

By uniqueness of the Dirichlet problem, it is easy to check that uq is well defined 
and is a nonnegative radial solution of (3.19). Furthermore, by the simplicity of 
Sp{r), Uo is the eigenfunction associated to Sp{r) for every R> r. □ 

Proposition 3.4. Let v be a radial solution of (1.3). Then v is a multiple of uq- 
In particular any radial minimizer of (1.2) is a multiple of uq. 

Proof. Let a > be such that v = auo on dB(0,R). Then v and auo arc two 
solutions to the Dirichlet problem ApW = wP~^ and w = v on d (Br \ Br) . Hence, 
by uniqueness, we have that v = auo in Br. □ 

Remark 3.5. If 1 < q < p then the solution of (1.3), by Remark 3.2 and Propo- 
sition 3, is a multiple of uq. 

Now we can deal with the proof of Theorem 1.4. 

Proof of Theorem 1.4- Let R> rhe fixed and consider mq to be the nonnegative 

radial function given by Proposition 3.3 such that that Uq = 1 on OBr. Then, by 
Proposition 3.4, it is enough to prove that Uq is not a minimizer for Sq{r) when 
q > Q{R). 

First let us move this symmetric configuration in the xi direction. For any t €M. 
and X G M.^ we denote Xt = (xi — t, X2, . . . , xn) and define 

U{t){x) ^uoixt) 

Observe that U vanishes in At := Br{tei) (the ball with center tei and radius r) a 
subset of Br of the same measure of Br for all t small. 
Consider the function 

/(«) 



where 



f{t)= ( \VU\P + UPdx and g{t) = ( [ U'^dsY . 

JBr \JdBR J 

We observe that h{0) = and since h is an even function, we have h'{0) = 0. Now, 

f'g' - fgg" - V'gg' - Vgg' 



h"{0) = 



g' 



t=0 

Next we compute these terms. First, since uq is the first eigenfunction of (1.3) with 
q= p and uq = 1 on OBr we get 

f{<d)^Sp{r)\dBR\ and 5(0) = |9Bk|?. 
Thus, by Gauss-Green's Theorem and using the fact that uq is radial, we get 

/'(O) = - / -W- d^^ol" + = / (iVwor + uDv^dS = 0. 

J Br OXl JqBr 
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Again, since uo is radial, 



Finally, using that uq = 1 on OBr, we obtain 



£-1 



JdBn ^ 



= 0. 



g"{Q)=p\dBR\l-' I 
Jd 

and, by the Gauss-Green's Theorem 



dBR 



duQ \ d'^uo 



dx\ J dxf 



dS 



Then 



h"{0) 



\dBR{0)\p/'' 



Thus, since uq is radial, we get 



h"{0) 



P 



iasfi V2 dp p dv J 



N\dBR{<S)\p/i 

-5p(r) / (g-l)|VwoP + Awod5 



Now, by definition, uo{x) = uq{\x\) and a satisfies 

(s^-V^riw^,)' = s^-^ug-' V,s>r 
with Uo{R) = and Uo('') = 0, moreover, by Proposition 3.3, we have 
u'oisf-^ = Sp{r)uo{sr-' Vs > r. 

Then 
and 

TV- 1 



Sp{r) [{q - l)|Vuo|' + A«o] = (a - l)5j,(r)^ + ^yrT " ^V^^^^''^ 



Therefore 



h"{0) 



pSl 



N\dBR\-^-^ 



l-(g-l)5,(r)F^-^5,(r) 
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Thus, if g > Q{R) we get that h"{0) < and so is a strict local maxima of ^p. 
So we have proved that 

Sg{r) = h{0) > h{t) > Sg{Britei)) 
for all t small. Therefore a symmetric configuration is not optimal. □ 

To finish the paper we prove Proposition 1.5. 

Proof of Proposition 1 . 5. We proceed in two step. 

Step 1. First we show that, for R > r, Sp{R,r) = Sp{r) verifies the differential 
equation 

dS N - 1 -B- 
(3.20) ^ = --^Sp + l)Sr 

with the condition 

Sp\R^r = +00. 

Again we consider uq{x) = wo(|a;|) the nonnegative radial function given by 
Proposition 3.3. Thus, for all R> r, wc get 



(p-i)Kr^<+-^K) 

Mo(r) =0. 



Then 



Thus 



Sp 



<{R) 



p-i 



uo{R), 

dSp . ^. fu'o{R)Y~^ u'^{R)uoiR) - u'oiR)^ 



dSp [i 



uo{R)J uo{R)'^ 
\ua{R) J uo{R) 
^> uoiRy-' ' " 

N -1 -E^ 

= 1 - -^Sp -ip- i)sr' . 

On the other hand, since (by definition) = 1 on dBj., we get that u'{r) = 1. 
Then 

hm Sp = hm = +oo. 

Now, it is easy to check that limij_>r Q{R) = 1~. 
Step 2. Finally, we prove that 

lim Q{R)=p. 

We begin differentiating (3.20) to obtain 

d^Sp _ N-l N-1 dSp ^ dSp 



5i?2 ~ R^ R OR ^ " OR- 



EXTREMALS OF THE TRACE INEQUALITY 



13 



Then, since Sp > 0, at any critical point {Sp = 0) we have that 5*^ > 0. Thus, Sp has 
at most one critical point, which is a minimum. If Sp has a minimum, then there 
exist Rq > r such that S'p{Ro) — 0. Moreover, since S'p{R) ^ for any R Ro 
and Sp +0O as i? ^ r and by (3.20), we get that 5*^ < for all r < i? < _Ro 

and Sp > for all R > Rq. Thus, using again (3.20) we have that Sp~^ < for 
all R > Rq. Then Sp is strictly increasing as a function of R and bonded for all 

R > Rq. Consequently S'^ ^ as i? ^ +oo. It follows, by (3.20), that Sf^ ^ 
as i? — *■ +00. On the other hand using (1.6) and (3.20) we see that 

(3.21) Sp = {QiR)-p)sf'. 

So, if Sp has a minimum, we get that Q{R) > p for all R> Rq and Q{R) — > p'^ as 
R +00. Now, If Sp has not critical points so S'p 7^ for all i? > r and using that 
Sp +00 as R ^ r and (3.20) we get that Sp < for all R> r. Consequently, in 
this strictly decreasing and therefore S'p as i? +00 and by (3.20) 

we have that Sp as R ^ +00. Then, if Sp has not critical points, we get 

Q{R) < p and Q{R) —>-p~ as R^ +00. □ 
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